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A b s t r a c t  
T h i s  r e p o r t  i s  d i r e c t e d  t o  t h e  p r o b l e m  o f  d e v e l o p i n g  a n  
a d e q u a t e  b u t  n o t  o v e r l y  complex  l i n e a r  f l i g h t  dynamics  a n a l y t i c a l  
model  o f  a r o t o r c r a f t  t o  s t u d y  s t a b i l i t y ,  c o n t r o l ,  g u s t  a n d  
random t u r b u l e n c e  r e s p o n s e s .  S i n c e  t h e  c o n v e n t i o n a l  f l i g h t  
dynamics  a n a l y s i s  u s i n g  q u a s i s t e a d y  r o t o r  d e r i v a t i v e s  i s  a d e -  
q u a t e  f o r  t h e  l o n g  p e r i o d  modes l i k e  t h e  p h u g o i d  mode, o n l y  
s h o r t  t i m e  r e s p o n s e s  a r e  c o n s i d e r e d  h e r e ,  where  r o t o r - b o d y  
c o u p l i n g  i s  o f  i m p o r t a n c e .  Thus  t h e  body m o t i o n  c o n s i s t s  o f  
p i t c h ,  r o l l  a n d  v e r t i c a l  m o t i o n ,  o m i t t i n g  l i n e a r  l o n g i t u d i n a l  
a n d  l a t e r a l  a n d  yaw p e r t u r b a t i o n s .  F i v e  a n a l y t i c a l  mode l s  of 
v a r y i n g  d e g r e e  o f  s o p h i s t i c a t i o n  a r e  a p p l i e d  t o  a  h y p o t h e t i c a l  
h i n g e l e s s  compound h e l i c o p t e r  o p e r a t i n g  up t o  . 8  r o t o r  a d v a n c e  
r a t i o .  S t a b i l i t y  a n d  r e s p o n s e  d a t a  a r e  o b t a i n e d  f o r  t h e  b a s i c  
h e l i c o p t e r  a n d  f o r  t h e  v e h i c l e  w i t h  two s i m p l e  c o n t r o l  f e e d b a c k  
s y s t e m s .  The l e a s t  s o p h i s t i c a t e d  a n a l y t i c a l  model  which  p r o d u c e s  
a d e q u a t e  r e s u l t s  is  d e t e r m i n e d  f o r  t h e  v a r i o u s  t a s k s .  The 
random v e h i c l e  r e s p o n s e  t o  a t m o s p h e r i c  t u r b u l e n c e  shows a 
r e m a r k a b l e  a t t e n u a t i o n  w i t h  e i t h e r  o f  t h e  two c o n t r o l  f e e d b a c k  
s y s t e m s .  
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Nomencla ture  
t i p - l o s s  f a c t o r  
e x p e c t e d  v a l u e  o f  * * *  
s t a t e  m a t r i x  
moment of  i n e r t i a  
f e e d b a c k  c o n s t a n t  
r i g h t  r o l l i n g  moment o v e r  A / C  r o l l i n g  
i n e r t i a ,  u n i t  n2; a l s o  t u r b u l e n c e  
s c a l e  l e n g t h  
nose -up  p i t c h i n g  moment o v e r  A / C  
p i t c h i n g  i n e r t i a ,  u n i t  f12 
b l a d e  number 
b l a d e  e l a s t i c  f i r s t  f  l a p - b e n d i n g  
f r e q u e n c y  when r o t a t i n g ,  u n i t  Q, a l s o  
c o v a r i a n c e  m a t r i x  
r o t o r  r a d i u s  
down normal  f o r c e  o v e r  A / C  mass ,  u n i t  
~ n 2  
r o t o r c r a f t  mass 
b l a d e  mass 
z e r o  mean w h i t e  n o i s e  
r i g h t  r a t e  of  r o l l ,  u n i t  fl 
nose-up r a t e  of p i t c h ,  u n i t  0  
time, u n i t  l / n  
down normal  v e l o c i t y ,  u n i t  R Q  
b l a d e  f l a p p i n g  a n g l e  d e f i n e d  by l i n e  
from r o t o r  c e n t e r  t o  b l a d e  t i p  
b l a d e  Lock number r e f e r r e d  t o  r o t o r  
c e n t e r  
S u p e r s c r i p t s :  
S u b s c r i p t s :  
c o n t r o l  i n p u t  
b l a d e  p i t c h  a n g l e  
up g u s t  v e l o c i t y ,  u n i t  R n  
a d v a n c e  r a t i o  
r e a l  p a r t  o f  r o o t  
s t a n d a r d  d e v i a t i o n  
t i m e  c o n s t a n t  ( t i m e  u n i t  l / n )  
c o n t r o l  p h a s e  a n g l e  
b l a d e  a z i m u t h  a n g l e  
I 
f r e q u e n c y ,  u n i t  D 
r o t o r  a n g u l a r  s p e e d ,  r a d / s e c  
t i m e  d e r i v a t i v e ,  t ime u n i t  l/Q 
t r a n s p o s e d  m a t r i x  
a u g m e n t e d ,  o r  a c c e l e r a t i o n  
i n t e g r a l  f e e d b a c k  f o r  r o t o r  t i l t i n g  
a b o u t  l o n g i t u d i n a l  a x i s  
a b o u t  l a t e r a l  a x i s  
f o r w a r d  c y c l i c  
l e f t  c y c l i c  
c o l l e c t i v e  
P a r t  I 
I n t r o d u c t i o n  
f 3 
I n  R e f e r e n c e  [l] s t a b i l i t y  a n d  s h o r t  t i m e  r e s p o n s e s  o f  a h 
w i n g e d  h i n g e l e s s  r o t o r c r a f t  a r e  s t u d i e d  w i t h  a l i n e a r i z e d  f 
s y s t e m  o f  e q u a t i o n s  w h i c h  i n c l u d e s  3 r o t o r  modes  - c o n i n g ,  
r e g r e s s i n g  a n d  p r o g r e s s i n g  - , w h i c h  i n c l u d e s  p e r i o d i c  
c o e f f i c i e n t s  a n d  w h i c h  i n c l u d e s  f i r s t  b l a d e  mode e l a s t i c  j, 
d e f l e c t i o n s  u s i n g  t h e  m e t h o d s  o f  R e f e r e n c e s  [ 2 ]  a n d  [a ] .  
T h r e e  c o n t r o l  f e e d b a c k  s y s t e m s  w e r e  c o n s i d e r e d :  C o n i n g  f e e d b a c k ,  
p r o p o r t i o n a l  c y c l i c  f e e d b a c k  a n d  a  c o m b i n e d  f e e d b a c k .  I t  
was f o u n d  t h a t  a l l  t h r e e  f e e d b a c k  s y s t e m s  - p a r t i c u l a r l y  
t h e  l a s t  o n e  - were e f f e c t i v e  i n  a l l e v i a t i n g  c o n t r o l  o v e r  
s e n s i t i v i t y ,  c o n t r o l  a n d  d a m p i n g  c r o s s  c o u p l i n g ,  p i t c h  
d i v e r g e n c e  a n d  g u s t  s e n s i t i v i t y .  
The r e s u l t s  a r e  u s e f b l  a s  t r e n d  s t u d i e s  b u t  a r e  o n l y  
a p p r o x i m a t e  b e c a u s e  i n p l a n e  b l a d e  d y n a m i c s ,  r o t o r  wake d y n a m i c s  
a n d  h o r o z o n t a l  r o t o r  f o r c e s  h a v e  b e e n  o m i t t e d .  The j u s t i f i c a t i o n  
f o r  o m i t t i n g  i n p l a n e  b l a d e  d y n a m i c s  is  t h a t  i n p l a n e  b l a d e  
o s c i l l a t i o n s  a f f e c t  t h e  b o d y  m o t i o n s  o n l y  i n  a  n a r r o w  f r e q u e n c y  
b a n d  c e n t e r e d  a t  t h e  a i r  r e s o n a n c e  f r e q u e n c y .  T h i s  f a c t  
e v o l v e d  r a t h e r  c l e a r l y  i n  r e c e n t l y  o b t a i n e d  u n p u b l i s h e d  
f r e q u e n c y  r e s p o n s e s  o f  t h e  BO-105 h e l i c o p t e r ,  w h e r e  t h e  a i r  
r e s o n a n c e  f r e q u e n c y  is .35fl, w h i c h  i s  a t  t h e  u p p e r  e n d  o f  
t h e  f l i g h t  d y n a m i c a l l y  i m p o r t a n t  f r e q u e n c y  s p e c t r u m .  C o u p l i n g  
of a  high ga in  feedback system o r  of t h e  human c o n t r o l l e r  
w i t h  t h e  a i r  resonance mode may under c e r t a i n  c o n d i t i o n s  
d e s t a b i l i z e  t h i s  mode, o r  a t  l e a s t  cause high ir,: . , . A  b lade  
loads .  Apart from t h i s  s p e c i a l  problem the  e f . - : c t  of :.ade 
inp lane  dynamics on f l y i n g  q u a l i t i e s  of r o t o r c r a f t  i s  expected 
t o  be usua l ly  smal l .  
The j u s t i f i c a t i o n  of o m i t t i n g  r o t o r  wake dynamics i s  
t h a t  an e q u i v a l e n t  reduced Lock number can approximate t h e s e  
e f f e c t s ,  a t  l e a s t  i n  t h e  low end of t t e  f requency spectrum 
which i s  of main importance i n  f l i g h t  dynamics, s e e  f o r  
example Reference [ b l ,  F i n a l l y ,  t h e  j u s t i f i c a t i o n  f o r  
o m i t t i n g  h o r i z o n t a l  r o t o r  f o r c e s  i s  t h a t  t h e i r  moments w i t h  
r e s p e c t  t o  t h e  a i r c r a f t  C . G .  a r e  much smaJler  than t h e  n,oments 
t r a n s m i t t e d  from t h e  b lades  t o  t h e  hub, a t  l e a s t  f o r  t h e  
r a t h e r  high b lade  f l a p p i n g  f r e q u e n c i e s  assumed f o r  t h e  
numerical examples, Such h i g h  f l a p p i n g  f r equenc ies  can be 
expected f o r  unlaaded slowed r o t o r  o p e r a t i o n  i n  c r u i s i n g  of 
compound r o t o r c r a f t ,  For t h e  s h o r t  t ime ra spocses  t h e  lon-  
g i t u d i n a l  and l a t e r a l  l i n e a r  p e r t u r b a t i o n  motions of t h e  
r o t o r c r a f t  have been neg lec ted  anyway, s o  t h a t  h o r i z o n t a l  
f o r c e s  a r e  not needed i n  t h e  a n a l y s i s .  
The ques t ion  s t u d i e d  i n  t h i s  r e p o r t  is  whether s impl i -  
f i c a t i o n s  i n  t h e  r o t o r c r a f t  r e p r e s e n t a t i o n  of Reference [I] 
can be a p p l i e d  without  in t roduc ing  s i z e a b l s  e r r c r s .  The 
mot iva t ion  t o  s i m p l i f y  t h e  a n a l v t r c a l  model a s  much a,; f e a s i b l e  
i s  not  so  much t o  save aomputer e f f o r t  i n  e s t a b l i s h i n g  time 
h i s t o r i e s  o r  s t a b i l i t y  characteristics, b u t  r a t h e r  t o  o b t a i n  
a  b e t t e r  v i s i b i l i t y  f o r  t h e  e s s e n t i a l  pa s m e t e r  e f f e c t s ,  
Another m o t i v a t i o n  is  r e l a t e d  t o  t h e  f a c t  t h a t  s y s t e m  
i d e n t i f i c a t i o n  a l g o r i t h m s  and random r e s p o n s e  a n a l y s c a  d o  
t e n d  t o  r e q u i r e  s u b s t a n t i a l l y  more compute r  e f f o r t  f o r  
i n c r e a s i n g  o r d e r  and f o r  t i m e  v a r i a b i l i t y  of  t h e  sys tem.  
While t h e  b a s i c  compound r o t o r c ~ a f t  t r e a t e d  i n  t h i s  r e p o r t  is 
t h e  same a s  in R e f e r e n c e  E l ] ,  d i f f e r e n t  f e e d b a c k  s y s t e m s  
have  been  assumed i n  o r d e r  t o  c o v e r  a  w i d e r  r a n g e  o f  s u c h  
sys tems .  T h i s  r e p o r t  i s  a  more e l a b o r a t e  v e r r i o n  o f  
R e f e r e n c e  151, c o n t a i n i n g  more a n a l y t i c a l  d e t a i l s  and more 
n u m e r i c a l  d a t a .  
B a s i c  R o t o r c r a f t  D e s c r i p t i o n  
Though t h e  s a n e  r a t o r c r a f t  is  used  a s  a n  example  r e  i n  
R e f e r e n c e  111, a b r i e f  d e s c r i p t i o n  is g i v e n  h e r e  f f .  
s a k e  of c o m p l e t e n s s s .  The h i n g e l e s s  r o t o r c r a f t  i s  .he 
compound t y p e ,  c r u i s i n g  w i t h  r e d u c e d  r o t o r s p e e d  i n  a n  
u n l o a d e d  r o t o r  c o n d i t i o n .  I t  i s  assumed t h a t  t h e  r o t o r c r a f t  I 
p e r f o r m s  a u n i f o r m  f o r w a r d  m o t i o n  and i m  r e s t r a i n e d  i n  yaw 
and r i d e  mot ion.  The body is  f r e e  t o  p i t c h ,  r o l l  and move 
v e r t i c a l l y .  Thus we have  added r o l l  t o  t h e  u s u a l  s h o r t  time 
l o n g i t u d i n a l  f l i g h t  dynamics  b e c a u s e  p i t c h  and r o l l  a r e  c o ~ p l o d  
t h r o u g h  t h e  r o t o r  modes. The c l a s s i c a l  phugo id ,  d u t c h  r o l l  
a n d  s p i r a l  modes c a n n o t  o c c u r  w i t h  t h e  assumed r e s t r a i n t .  
T h e s e  modes a r e  l i t t l e  m o d i f i e d  Ly c o u p l i n g  w i t h  t h e  r o t o r  
modes and  reasonable a p p r o x i m a t i o n s  c a n  be  o b t a i n e d  w i t h  t h e  
c o n v e n t i o n a l  d e r i v a t i v e  a n a l y s i s .  
3ue  t o  t h e  r e d u c e d  r o t o r  s p e e d  t h e  b l a d e  f l a p p i n g  f r e q u e n c y  
i n  t h e  r o t a t i n g  r e f e r e n c e  system i s  assumed t o  b e  r a t h e r  
h i g h ,  P = 1 , 2 .  T h i s  a s s ~ * , n p t i o n  l e a d s  t o  a  h i g h l y  u n s t a b l e  
b a s i c  r o t o r c r a f t  a n d  w i l l  impose  sevex-e demands o n  t h e  
s e l e c t e d  c o n t r o l  f e e d b a c k  s y s t e m s ,  The s t i f f  r o t o r  a l s o  
s i m p l i f i e s  t h e  a n a l y s i s  s i n c e  i n  t h e  f i r s t  a p p r o x i m a t i o n  i n p l a n e  
r o t o r  f o r c e s  need  n o t  b e  c o n s i J e r e d  b e c a u s e  o f  t h e  r e l a t i v e  
s m a l l n e s s  o f  t h e i r  moments a b o u t  t h e  p o t o r c r a f t  c , ~ .  a s  
compared t o  t h e  hub moments. For a d v a n c e  r a t i o  v = . 8  f l a p -  
b e n d i n g  f l e x i b i l i t y  o f  t h e  b l a d e s  a n d  r e v e r s e d  f l o w  e f f e c t s  
a r e  t a k e n  i n t o  a c c o u n t  f o l l o w i n g  R e f e r e n c e  C31. A s i n g l e  
e l a s t i c  b l a d e  f l a p - b e n d i n g  mode i s  u s e d .  Fo r  a d v a n z e  r a t i o  
IJ = .4 f l a p - b e n d i n g  f l e x i b i l i t y  and  r e v e r s e d  f l o w  e f f e c t s  a r e  
n e g l e c t e d .  The e f f e c t  O F  t h e  r o t o r  wake dynamics  on r o t o r  
f r e q u e n c y  r e s p o n s e s  i n  t h e  l i n e a r  r a n g e  was s t u d i e d  i n  R e f e r e n c e  
[ c ]  f rom which o n e  can  c o n c l u d e  t h a t  f o r  t h e  h i g h  f r e q u e n c i e s  
o f  t h e  c o n i n g  and  a d v a n c i n g  t i l t i n g  modes dynamic  wake e f f e c t s  
a r e  s m a l l ,  w h i l e  f o r  t h e  low f r e q u e n c y  r e g r e s s i n g  t i l t i n g  mode, 
t h e  a s s u m p t i o n  of  a  q u a s i  s t e a d y  wake i s  a  ~ e a s o n a b l e  
a p p r o x i m a t i o n .  T h e  e f f e c t s  o f  t h e  l a t t e r  can b e  a p p r o x i m a t e d  
by  a c e r t a i n  r e d u c t i o n  i n  b l a d e  Lock number,  s e e  R e f e r e n c e s  [ & I ,  
[lo] a n d  [ll]. V ~ l u e e  f o r  t h e  b l d d e  Lock number y i n  t h e  
n u m e r i c a l  e x a m p l e s  o f  t h i s  p a p e r  a r e  5 a n d  8,  c o v e r i n g  t h e  
r a n g e  of  c u r r e n t  h i n g e l e s s  r o t o r s .  
The wing a r e a  i s  6% o f  r o t o p  d i s k  a r e a .  The wing l i f t  
s l o p e  is assumed t o  b e  4.5, which  would i n c l u d e  r o t o r - w i n g  
i n t e r f e r e n c e  e f f e c t s .  The h o r i z o n t a l  t a i l  a r e a  i n  e x c e s s  o f  
t h a t  r e q u i r e d  t o  n e u t r a l i z e  t h e  i n s t a b i l i t y  o f  t h e  f u s e l a g e  , 
- 
w i t h o u t  r o t o r  is  1 .5% o f  r o t o r  d i s k  a r e a .  Z a i l  moment a rm is  
1.2R9 t a i l  l i f t  s l o p e  i n c l u d i n g  w i n g  a n d  r o t o r  downwash e f f e c t s  
i s  1.8.  Downwash l a g  e f f e c t s  on  t h e  t a i l  a re  n e g l e c t e d .  With 
t h e s e  v a l u e s  a n d  u s i n g  t h e  r o t o r  r a d i u s  as l e n g t h  u n i t  a n d  fl 
a s  a n g u l a r  v e l o c i t y  u n i t ,  o n e  o b t a i n s  f o r  t h e  body  d e r i v a t i v e s  
a t  .8 and  .4 a d v a n c e  r a t i o  
IJ = * 8  L( = 4 0  
Wing r o l l  damping  Lp = - .0200 -.0100 
T a i l  p i t c h  damping Hq = - .0075 -.0038 
T a i l  p i t c h  s t a b i l i t y  Mw = - .0063 -.0032 
Wing p l u s  t a i l  n o r m a l  damping Zw = - .0288  -.0144 
T a i l  n o r m a l  f o r c e  f rom p i t c h  Zq = - .0031  -.0015 
r a t e  
Body and  b l a d e  m a s s e s  a n d  i n e r t i a  moments a r e  r e l a t e d  by :  
i J I b  = 5 ,  I y / I b  = 7 5 ,  m b / m  = . 2 0 ,  R * ~ ~ / I .  = .60 
Data  n o t  shown h e r e  h a v e  a l s o  b e e n  o b t a i n e d  f o r  Iy / Ib  = 2 5  w i t h  
e s s e n t i a l l y  t h e  same c o n c l u s i o n s ,  T h e  r o t o r  i s  assumed t u  b e  
3 -b l aded .  T h e  c o n t r o l  p h a s e  a n g l e  f o r  t h e  b a s i c  r o t o r c r a f t  i s  450, 
L 
Feedback  S y s t e m s  
Two f e e d b a c k  s y s t e m s  a r e  c o n s i d e r e d .  The f i r s t ,  h a s  
r o t o r  t i l t i n g  p l u s  body a n g u l a r  r a t e  f e e d b a c k  w i t h  a l a r g e  
a c t u a t o r  l a g .  I t  was d e s c r i b e d  i n  R e f e r e n c e  [ 6 1  a n d  i t s  
p e r f o r m a n c e  is  a l m o s t  i d e n t i c a l  t o  t h a t  of t h e  Lockheed  g y r o  
c o n t r o l  AMCS d e s c r i b e d  i n  R e f e r e n c e  [ 7 ] ,  t h o u g h  t h e  mechan i -  
z a t i o n  i s  d i f f e r e n t .  Wind t u n n e l  mode l  t e s t s  w i t h  a v a r i a n t  
of t h i s  s y s t e u  u s i n g  a n  i s o l a t e d  h i n g e l e s s  r o t o r  a r e  d e s c r i b e d  
i n  R e f e r e n c e  [ 8 ] .  I n  t h e  f l i g h t  d y n a m i c s  f r e q u e n c y  r a n g e  t h i s  
f e e d b a c k  s y s t e m  e m a s c u l a t e s  t h e  r o t o r  w i t h  r e s p e c t  t o  t i l t i n g ,  
s o  t h a t  a n g l e  of a t t a c h  i n s t a b i l i t y ,  c o n t r o l  o v e r  s e n s i t i v i t y ,  
c o n t r o l  c r o s s  c o u p l i n g ,  c r o s s  damping ,  and  s t i c k  r e v e r s a l  i n  
g  m a n e u v e r s  a r e  a v o i d e d .  The f e e d b a c k  e q u a t i o n s  i n  t h e i r  
l i n e a r  f o r m  a r e  
The v a l u e s  f o r  t h e  p a r z m e t e r s  u s e d  i n  t h e  n u m e r i c a l  e x a m p l e s  
a r e  t h e  f o l l o w i n g .  T h e  a c t u a t o r  t i m e  c o n s t a n t  i s  r = 1 0 ,  
which  i s  t h e  t i m e  f o r  1 . 6  r o t o r  r e v o l u t i o n s .  The r o t o r  t i i t i n g  
g a i n  i s  Ki = , 3 ,  t h e  control p h , i s e  a n g l e  i s  @ = 7 . S 0 ,  t h e  r a t e  
g y r o  g a i n s  a r e  K I  = K I T  = 1. 
The s e c o n d  s y s t e m  h a s  n o r m a l  body a c c e l e r a t i o n  f e e d b a c k  
i n t o  c o l l e c t i v e  p i t c h .  W i t h o u t  f u s e l a g e  a e r o d y n a m i c s  t h i s  
is  e q u i v a l e n t  t o  c o n i n g  f e e d b a c k .  A c c o r d i n g  t o  R e f e r e n c e  C91 
t h i s  s y s t e m  p r o v e d  t o  b e  e f f e c t i v e  i n  s u b s t a n t i a l l y  e x -  
t e n d i n g  t h e  s p e e d  rai1p.e f o r  a c c e p t a b l e  h a n d l i n g .  c h a r a c t e r i s t i c s  
o f  a h i n g e l e s s  rotorcraft. T h e  f e e d b a c k  e q u a t i o n  i s  
F o r  t h e  n u m e r i c a l  e x d ~ p l e s  t h e  a c t u a t o r  tine c o n s t a n t  is  
T = . 5 ,  which  i s  t h e  t i m e  f o r  . 0 8  r o t o r  r e v o l u t i o n s .  The 
g a i n  i s  Ka = 1 0 .  I n  a d d i t i o n  o n e  n e e d s  t h e  c y c l i c  c o n t r o l  
r e l a t i o n s  
G I  = 6 1  c o s  4 - 6 1 1  s i n  4 ( 4 )  
011 = 6 I  sin 4 + 611 cos ( 5  
w h e r e  t h e  c o n t r o l  p h a s e  a n g l e  i s  4 = 2 S 0 .  The c o n t r o l  p h a s e  
a n g l e s  f o r  t h e  b a s i c  r o t o r c r a f t  a n d  f o r  t h e  c r a f t  w i t h  t h e  
two f e e d b a c k  s y s t e m s  w e r e  s e l e c t e d  i n  s u c h  a  way a s  t o  
m i n i m i z e  c o n t r o l  c r o s s  c o u p l i n g  a t  y = 5 o v e r  t h e  e n t i r e  
f l i g h t  r a n R e  between 9 and  . 8  a d v a n c e  r a t i o .  F o r  t h e  c r a f t  
w i t h  t i l t i n g  f e e d b a c ~  t h e  t a i l  s i z e  was r e d u c e d  t o  1% o f  
r o t o r  d i s k  a r e a ,  s i l l - e  t h i s  f e e d b a c k  s y s t e m  i s  more  e f f e c t i v e  
t h a n  t h e  n o r m a l  a c c e l e r a t i o n  f e e d b a c k .  S c h e m a t i c s  o f  t h e  
two f e e d b a c k  s y s t e m s  a r e  shown i n  Fig, 1 
Roto r /Body  E q u a t i o n s  o f  Mot ion  
One form o f  thlz l i n e a r i z e d  r o t o r / b o d y  e q u a t i o n s  o f  m o t i o n  
a r e  g i v e n  i n  R e f e r e n c e  [l], Eqs.  ( 2 3 )  t o  ( 3 5 ) .  Here a more 
d e v e l o p e d  fo rm is g i v e n  wh ich  i s  d i r e c t l y  u s a b l e  f o r  p rogramming.  
F o r  a d v a n c e  r a t i o  v = .4 r i g i d  s t r a i g h t  b l a d e s  a re  a s sumed ,  
wh ich  a r e  e l a s t i c a l l y  h i n g e d  a t  t h e  r o t o r  c e n t e r .  The 
e q u a t i o n s  f o r  t h i s  c a s e  c a n  b e  g i v e n  i n  e x a c t  f o r m ,  i f  t h e  
s m a l l  r e v e r s e  f l o w  e f f e c t s  a r e  n e g l e c t e d .  Fo r  a d v a n c e  r a t i o  
v = . 8  r e v e r s e d  f l o w  a n d  b l a d e  e l a s t i c i t y  a r e  n o t  n e g l i g i b l e .  
I n  t h i s  c a s e  a F o u r i e r  a n a l y s i s  o f  t h e  p e r i o d i c  terms was 
p e r f o r m e d  r e t a i n i n g  t h e  f i r s t  7 t e r m s  of  t h e  F o u r i e r  s e r i e s .  
The e q u a t i o n s  were  t r a n s f o r m e d  t o  non r o t a t i n g  body f i x e d  
c o o r d i n a t e s  i n  s t a t e  v a r i a b l e  form.  T h e  b a s i c  r o t o r c r a f t  i s  
a  n i n t h  o r d e r  dynamic  s y s t e m ,  w i t h  t h e  s t a t e  v a r i a b l e s  p ,  q ,  w ,  
0 
BI, 619 B I L ,  B I I ,  8,. B o a  With t i l t i n g  f e e d b a c k  a c c o r d i n g  t o  
Eqs .  ( 1 )  a n d  ( 2 )  o n e  o b t a i n s  a n  e l e v e n t h  o r d e r  dynamic  s y s t e m  
i n c l u d i n g  t h e  s t a t e  v a r i a b l e s  O I .  O I I .  Wi th  n o r m a l  a c c a l e r a t i o n  
f e e d b a c k  a c c o r d i n g  t o  E q .  ( 3 )  o n e  o b t a i n s  a  t e n t h  o r d e r  
dynamic  s y s t e m  i n c l u d i n g  t h e  s t a t e  v a r i a b l e  B o o  
A t  low a d v a n c e  r a t i o s  ( p  < . 5 ) ,  where  r i g i d  s t r a i g h t  b l a d e s  
a r e  assumed and  t h e  s m a l l  r e v e r s e  f l o w  e f f e c t s  c a n  be n e g l e c t e d ,  
t h e  l i n e a r i z e d  r o t o r / b o d y  e q u a t i o n s  o f  m o t i o n ,  f o r  a  t h r e e - b l a d e d  
r o t o r ,  i n  t e r m s  of m u l t i b l a d e  c o o r d i n a t e s  a r e  
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A t  h i g h e r  a d v a n c e  r a t i o s ,  e . g .  p = . 8 ,  w h e r e  b l a d e  
f l e x i b i l i t y  a n d  r e v e r s e  f l o w  e f f e c t s  h a v e  b e e n  c o n s i d e r e d ,  t h e  
c o e f f i c i e n t s  i n  t h e  l i n e a r i z e d  r o t o r / b o d y  e q u a t i o n s  o f  m o t i o n  
d e p e n d  o n  b l a d e  f l a p p i n g  mode s h a p e s  a n d  flow r e g i o n s ,  a n d  can 
no  l o n g e r  b e  e x p r e s s e d  e x p l i c i t l y  i n  g e n e r a l  f o r m s  i n  terms o f  
a d v a n c e  r a t i o  u a n d  b l a d e  t i p  l o s s  f a c t o r  B. T h e r e f o r e  t h e  
e q u a t i o n s  u s e d  i n  t h e  n u m e r i c a l  e x a m p l e s  f o r  u = , 8  a re  n o t  
g i v e n  h e r e .  
S y s t e m  S i m p l i f i c a t i o n s  
The  l i n e a r  r o t o r  p e r t u r b a t i o n  e q u a t i o n s  (6) t o ( 1 1 )  a r e  o f  
s e c o n d  o r d e r  i n  0 8 a n d  i n c l u d e  p e r i o d i c  t e r m s .  We are  I 1 1  0 
c o n s i d e v i n g  5 t y p e s  o f  s y s t e m  m o d e l i n g  i n d i c a t e d  i n  T a b l e  1, 
Type  1 i s  t h e  c o m p l e t e  s y s t e m  i n c l u d i n g  p e r i o d i c  t e r m s ,  b o d y  
m o t i o n s ,  m u l t i b l a d e  a c c e l e r a t i o n s  and  m u l t i b l a d e  r a t e s .  Type  
2 i s  t h e  r o t o r  p e r i o d i c  s y s t e m  o b t a i n e d  by  r i g i d l y  r e s t r a i n i n g  
t h e  body. Type 3 i s  t h e  r o t o r / b o d y  c o n s t a n t  c o e f f i c i e n t  
s y s t e m  o f  s e c o n d  o r d e r  i n  e a c h  m u l t i b l a d e  c o o r d i n a t e  
o b t a i n e d  by o m i t t i n g  t h e  p e r i o d i c  t e r m s .  With f u l l  body 
f r e e d o m  t h i s  h a s  b e e n  a l s o  c a l l e d  t h e  9 x 9 s y s t e m  s i n c e  
t h e r e  a r e  6 body and  3 m u l t i b l a d e  d e g r e e s  o f  f r e e d o m .  Type  4 
i s  new a n d  i s  i n t r o d u c e d  i n  t h i s  p a p e r  a n d  i n  R e f e r e n c e  [ S ] .  
The s y s t e m  i s  o f  f i r s t  o r d e r  i n  e a c h  m u l t i b l a d e  c o o r d i n a t e .  
The p e r i o d i c  terms and  t h e  m u l t i b l a d e  a c c e l e r a t i o n s  a r e  o m i t t e d .  
Type 5 is  o f  z e r o  o r d e r  i n  t h e  m u l t i b l a d e  c o o r d i n a t e s ;  b o t h  
m u l t i b l a d e  a c c e l e r a t i o n s  a n d  r a t e s  a r e  o m i t t e d .  T h i s  s y s t e m  
is e q u i v a l e n t  t o  t h e  c o n v e n t i o n a l  6 x 6 q u a s i s t e a d y  d e r i v a t i v e  
s y s t e m .  
T a b l e  1 
F i v e  Types  o f  Sys t em Mode l ing  
Type No. 
1 
P e r i o d i c  
Terms 
X 
R a t e s  
i, i,, io 
X 
Body 
Mot i o n s  
X 
A c c e l e r a t i o n s  
" .. " 
61 0x1 6, 
X 
The e f f e c t s  o f  om1 t t  i n g  t h e  m u l t i b l a d e  a c c e l e r a t i o n 8  will 
be shown f o r  t h e  c a s e  of a n  i s o l a t e d  r o t o r  i n  vacuum. The 
e q u a t i o n s  f o r  t h e  m u l t i b l a d e  tilt in^ z o o r d i n a t e s  81, 011 a r e  
w h i c h  are  s a t i s f i e d  for 
T h e  s o l u t i o n s  d e s c r i b e  a n  a d v a n c i n e  t i l t i n e  mode w i t h  
f r e q u e n c y  1 + P and  a r e v r e s s i n ~  t i l t j n g  mode w i t h  f r e q u e n c y  
.. .. 
O m i t t i n g  t h e  a c c c l e ~ a t l o n s  B I ,  B I I ,  t h e  e q u a t i o n s  h a v e  
o n l y  o n e  r o o t ,  w = ( l " 2  - 1)/2 which  i s  a p p r o x i m a t e l y  e q u a l  t o  
P - 1 f o r  n o t  t o o  l a r f i e  P - 1. Thus f i r s t  o r d e r  r o t o r  
dynamics  i n  m u l t i b l a d e  c o o r d i n a t e s  removes  t h e  a d v a n c i n g  
tilt in^ mode w i t h  t h e  h i ~ h  f r e q u e n c v  1 t P a n d  y i e l d s  a 
r e E r e s s i n q  t i l t i n k !  mode w i t h  a p p r o x i m a t e i y  t h e  same f r e q u e n c y  
a s  f o r  t h e  c o m p l e t e  s y s t e m  o f  e q u a t i o n s .  
Fo r  t h e  c o n i n g  n o d e  i n  h o v e r i n c  we h a v e  
L e a v i n ~  out t h e  ; ~ c c e : e t - a t i o n  0 ,  r e d u c e s  t h e  c o n i n g  d e g r e e  
o f  f r eedom t o  rl firtit order sysrern w i t h  s p r i n g  a n d  damping  
o n l v .  ;dote t h a t  what is c a l l e i i  h e r e  f i r s t  o r d e r  r o t o r  d y -  
namics  i s  -- n ~ t  e q ~ i v d l e ~ ~ t  t o  o m i t t i n g  t h e  t e r m  i n  t h e  
i n d i v i d u a l  b l a d e  f i d p p i n g  e q u a t i o n .  The term8 o m i t t e d  a r e  
t h e  r n u l t i b l a d e  acceicpat i o n s  B i ,  B I I  sri, bo. F h y s i c a l l y  
t h i s  m e a n s  t h a t  i n  a n  i n e r t i a l  f r a m e  o f  r e f e r e n c e  t h o s e  b l a d e  
i n e r t i a  mof ien t s  a r e  n e g l e c t e d ,  w h i c h  w o u l d  o c c u r  a t  z e r o  
r a t o r  s p e e d ,  w h i l e  t h e  i n e r t i a  moments  d u e  t o  r o t a t i o n  - t h e  
much l a r g e r  ~ y r o s c o p i c  moments  - a r e  r e t a i n e d ,  
E f f e c t s  o f  R o t o r / B o d y  C o u p l i n g  o n  F l a p p i n g  S t a b i l i t y  
We w i l l  c o n s i d e r  h e r e  b o t h  t h e  r o t o r / b o d y  p e r i o d i c  s y s t e m  
a n d  t h e  i s o l a t e d  r o t o r  p e r i o d i c  s y s t e m .  I n  R e f e r e n c e  111 i t  
was shown t h a t  r o t o r / b o d y  c o u p l i n g  h a d  l i t t l e  e f f e c t  o n  t h e  
r o o t  c u r v e s  f o r  c o n i n g  a n d  p r o p o r t i o n a l  t i l t i n g  f e e d b a c k .  
H e r e  t h e  c o m p a r i s o n  is  e x t e n d e d  t o  t h e  l a g g e d  t i l t i n g  moment 
f e e d b a c k  e x p r e s s i j  i n  E q u a t i o n s  ( 1 )  a n d  ( 2 ) .  The  a n a l y s i s  
m a k e s  u s e  o f  t h e  F l o q u e t  s t a t e  t r a n s i t i o n  m a t r i x  i n  t h e  
m u l t i b l a d e  c o o r d i n a t e  f o r m  a n d  e x t r a c t s  t h e  c h a r a c t e r i s t i c  
v a l u e s  f r o m  t h i s  m a t r i x .  The  a m b i v a l e n c e  i n  a s s i g n i n g  f r e q u e n c y  
v a l u e s  makes  i t  p o s s i b l e  t o  u s e  o n l y  t h e  p o s i t i v e  f r e q u e n c y  
h a l f  p l a n e .  F o r  t h e  3 - b l a d e d  r o t o r  a s s u m e d  i n  t h i s  s t u d y  t h e  
f l a p p i n g  i n s t a b i l i t y  o c c u r s  a s  a c o u p l e d  a d v a n c i n g  a n d  c o n i n g  
mode w i t h  f r e q u e n c y  1 . 5 .  F i g u r e  2 s h o w s  t h e  r o o t  p l o t s  f o r  
t h e  r o t o r  t i l t i n g  f e e d b a c k  s y s t e m  w i t h  g a i n  K i  a s  p a r a m e t e r .  
The a d v a n c e  r a t i o  i s  .8 a n d  t h e  c a s e s  o f  b l a d e  Lock number  o f  
5 a n d  8 a r e  shown.  T h e r e  i s  v e r y  l i t t l e  d i f f e r e n c e  i n  t h e  
r o o t  c u r v e s  f o r  t h e  r o t o r  a l o n e  - d a s h e d  l i n e s  - a n d  t h e  
r o t o r / b o d y  s y s t e m , s o l i d  l i n e s .  However ,  t h e  b l a d e  Lock  number  
h a s  a s u b s t a n t i a l  e f f e c t ,  w h e r e b y  t h e  l i m i t i n g  g a i n  is  r e d u c e d  
f r o m  5 t o  8. From F i a u r e  2 i t  a p p e a r s  t h a t  a s t a b i l i t y  
a n a l y s i s  f o r  t h e  c o u p l e d  a d v a n c i n ~  a n d  c o n i n g  mode c a n  b e  
made w i t h  t h e  r o t o r  a l o n e  a n d  r o t o r / b o d y  c o u p l i n g  w i l l  n o t  
a f f e c t  t h e  r e s u l t  v e r y  much. 
F o r  n o r m a l  a c c e l e r a t i o n  f e e d b a c k  t h e  c a s e  o f  t h e  r o t o r  
a l o n e  i s  n o t  r e a l l y  c o m p a r a b l e  t o  t h a t  f o r  t h e  c o m p l e t e  
r o t o r / h o d y  s y s t e m ,  s i n c e  t h e  f i x e d  w i n g  c o n t r i b u t e s  s u b -  
s t a n t i a l l y  t o  t h e  v e r t i c a l  d a m p i n g  t h u s  i m p r o v i n g  t h e  
s t a b i l i t y .  T h e r e f o r e ,  F i g .  3 s h o w s  o n l y  t h e  c a s e  w i t h  
r o t o r / b o d v  c o u p l i n ~  f a r  a n  a d v a n c e  r a t i o  o f  .8.  The  
i n s t a b i l i t y  of  t h e  c o u p l e d  a d v a n c i n e  a n d  c o n i n g  mode o c c u r s  
i n  t h e  same way a s  b e f o r e  w i t h  a f r e q u e n c y  o f  1 . 5 .  I n c r e a s i n g  
t h e  b l a d e  Lock numSer f r o m  5 t o  8 r e d u c e s  t h e  l i m i t i n g  g a i n  
f r o m  a b o u t  K, = 40 t o  30. The  s t a b i l i t y  o f  t h e  c o u p l e d  
a d v a n c i n g  a n d  c o n i n g  mode i n c r e a s e s  w i t h  d e c r e a s i n g  a d v a n c e  
r a t i o ,  w h e r e  t h e  c o e f f i c i e n t s  o f  t h e  p e r i o d i c  terms a r e  
s m a l l e r .  The  h i g h e s t  a d v a n c e  r a t i o  is, t h e r e f o r e ,  t h e  m o a t  
c r i t i c a l  o n e .  
E i g e n v a l u e  C o m p a r i s o n s  
T a b l e  2 s h o w s  i n  t h e  f i r s t  c o l u m n  the e i g e n v a l u e s  f o r  
d d v a n c e  r a t i a  u = . 6  a n d  b l a d e  Lock number  y = 5. I t  s h o w s  
i n  t h e  second c o l u m n  t h e  e f f e c t s  on c i g e n v a l u e s  of c h a n g i n g  
a t  y = 5 the  a s ~ v a n c e  r a t i o  from . d  t o  .4, and i n  t h e  t h i r d  
c o l u m n  t h e  e f f ~ c t s  o t  c h a n g i n g  a t  u = . 6  t h e  b l a d e  Lock 
number  f r o m  Y = 5 t o  8. The  c o m p l e t e  e q u a t i o n s  o f  t h e  
p e r i o d i c  s y s t e m  were u s e d .  The f o u r t h  c o l u m n  g i v e s  f o r  
u = . 8  a n d  Y = 5 t h e  e f f e c t s  o f  o m i t t i n g  rne p e r i o d i c  terms 

i n  t h e  mul t ib l ade  equa t ions ,  t h e  f i f t h  column rhowr t h a  e f f o c t r  
of o m i t t i n g  i n  a d d i t i o n  t h e  a c c e l e r a t i o n s ,  and t h e  6 th  column ehowr 
t h e  e f f e c t s  of  o m i t t i n g  i n  a d d i t i o n  tho  r a t e s  of  t h e  m u l t i -  
b l ade  coord ina te s .  The 3 s e t s  of rows i n  Table 2 r e f e r  t o  
t h e  3 cases  of t h e  b a s i c  r o t o r c r a f t ,  o f  t h e  c r a f t  with r o t o r  
t i l t i n g ,  and of t h e  c r a f t  w i t h  normal a c c e l e r a t i o n  feedback. 
The coupled modes a r e  named according  t o  t h e  predominant 
uncoupled modal con ten t  of each. A s  mentioned b e f o r e ,  t h e  
b a s i c  ro tor /body system is  of 9 th  o r d e r ,  with t i l t i n g  feed-  
back of  11 th  o r d e r ,  with normal a c c a l e r a t i o n  feedback o f  1 0 t h  
order .  With f i r s t  o r d e r  r o t o r  dynamics i n  each mul t ib l ade  
coosd ina te  t h e  o rde r  of a l l  systems is reduced by 3. With 
zebo o r d e r  r o t o r  dynamics, r e p r e s e n t i n g  t h e  d e r i v a t i v e  approach, 
t h e  o r d e r  is reduced by 6. 
To  look i n t o  t h e  e f f e c t  ~f advance r a t i o ,  compare t h e  
f i r s t  two columns o f  Table 2 .  The b a s i c  r o t o r c r a f t  has a t  
v = . 0  a  p i t c h  J i v a r ~ e n c e  which is  about 6 t imes  more 
s e v e r e  than a t  u = . I ; .  The o t h e r  e igenvalues  change r e l a t i v e l y  
l i t t l e  w i t h  9 .  With t i l t i n g  f e e d b a c k  t h e  p i t c h  d ivergence  
is r ep laced  by a s t a b l e  oscillatio~:. One r o l l  mode is 
more damped, the  o t h e r  less damped than without  feedback. 
Coning and a d v a n c i n g  modes show l i t t l e  change w i t h  feedback 
o r  w i t h  advancu rdtlo. K i t h  normal a c c e l e r a t i o n  feedback  
t h e  p i t c h  d ivergence  i s  a l s o  renoved, however here t h e  p i t c h  
mode changes from twa convergent-es t o  an o s c i l l a t o r y  mode 
when going from u = . I 4  t o  u = . 8 .  
To look i n t o  the e f f e c t  of advance r a t i o ,  compare tho 
f i r s t  two columns of Table 2 ,  The ba r i c  r o t o r c r a f t  ham a t  
r = , 0  a p i t ch  divergence which ?s about 6 timer more 
revere  than a t  u = ,4, The o ther  eigenvaluer change r e l a t i v e l y  
l i t t l e  w i t h  u ,  W i t h  t i l t i n g  feedback the  p i t ch  divergence i r  
replaced by a  s t a b l e  o s c i l l a t i o n ,  One 2011 mode i r  more 
damped, t he  o ther  l e s s  daapod than without feedback. Coning 
and advancing modes show l i t t l e  c h a n , ; ~  , * i t h  feedback o r  with 
advance r a t i o ,  W i t h  normal a c c e l e r a t i m  feedback the  p i t ch  
divergence is  a l s o  removed, however here the  p i t ch  rode 
changer from two convergences t o  an o s c i l l a t o r y  mode when 
going from u 6 ,4 t o  u = . 8 .  
To look i n t o  the  e f f e c t  of blade Lock number a t  r 8 .8 
compare t he  f i r s t  and t h i r d  columns of Table 2. The bas i c  
r o t o r c r a f t  shows a  l a rge  increase  i n  p i t ch  divergence from 
increased y.  W i t h  t i l t i n g  feedback the  blade Lock number 
has l i t t l e  e f f e c t  on the  p i t ch  mode, while some of t he  o the r  
modes a r e  s t ronqly  a f f ec t ed  by y e  The same i s  t r u e  f o r  the  
c r a f t  w i t h  normal acce le ra t ion  feedback, 
To look i n t o  the degree of approximation provided by 
the  3 constant  rystem models, compare t he  f i r r t  column with 
tho l a s t  3 columns of Table 2 ,  The p i tch  mode eigenvalue i r  
i n  most cases  r ea sonab l j  well  approximated even by the  t a r o  
order system. T h e  two r o l l  mode eigenvalues a r e  well  
approximated by the  f i r s t  order s y r t e a  i n  each mu1tibl.de 
coord ina te ,  but  cons ide rab ly  i n  e r r o r  f o r  t h e  t a r o  o r d e r  
system. The second order  sysram prov ide r  reasonably  
a c c u r a t e  e i ~ e n v a l u e s  f o r  a l l  modes, however d a t a  not  shown 
ha re  i n d i c a t e  t h a t  wi th  i n c r e a s i n g  b lade  Lock number 
i n c r e a s i n g  e f f e c t s  of  p e r i o d i c i t y  o c c u ~ .  
S tep  Cont ro l  Response Comparisons 
A l l  t r a n s i e n t  responses  shown i n  Figs.  4 t o  1 2  a r e  given 
f o r  a  non-dimensionnl t ime per iod  of 40 which i s  t h e  t ime 
f o r  6.3 r o t o r  r e v o l u t i o n s .  One can assu;.,e t h a t  withZn t h i s  
s h o r t  t ime per iod  t h e  e f f e c t s  of t h e  o a r t t e d  phugoia,  du tch  
r o l l  and s p i r a l  modes will be r e l a t i v e l y  smal l  a s  compared 
t o  t h e  e f f e c t s  of t h e  s h o r t  per iod  p i t c h  and r o l l  modes. 
The f i g u r e s  show 4 response  v a r i a b l e s :  The r o l l  r a t e  p ,  t h e  
p i t c h  r a t e  q ,  t h e  normal v e l o c i t y  w ,  which i n  a  body f i x e d  
r e f e r e n c e  system i s  p r o p o r t i o n a l  t o  ang le  of a t t a c  , end t h e  
normal a c c e l e r a t i o n  h - qu. In Figs.  4 t o  1 0  t h e  responsas  t o  
bbth u n i t  l o n g i t u d i n a l  and l a t e r a l  c o n t r o l  inpu? a r e  shown. 
F i g .  4 is  f o r  t h e  b a s i c  r o t o r c r a f t  a t  u o . 8 ,  y 8 5,  
+ = 4S0.  The high degree of i n s t a b i l i t y  and t h e  high c o n t r o l  
c r o s s  coupl ing  is  evident  i n  s p i t e  of a n  e f f o r t  t o  minimize 
the  c o n t r o l  c r o s s  coup l inc  b y  s e l e c t i n g  a proper  c o n t r o l  
phase ang le  4 .  The o s c i l l a t i o n s  i n  t h e  r o l l  r a t e  and 
normal a c c e l e r a t i o n  r e sponses  have a frequency of 3 and a r e  
caused by t h e  p e r i o d i c  terms. In a  l i n e a r  a n a l y s i s  t h e s e  
2 1 
3 p e r  r e v .  o s c i l l a t i o n s  f o r  t h ~  3-bladed r o t o r  m u s t  b e  
super imposed t o  t h e  o s c i l l a t i o n s  from t h e  trim c o n d i t i o n .  
F ig .  5 ,  a l s o  f o r  t h e  b a s i c  r o t o r c r a f t  a t  t h e  s a n e  c o n d i t i o n s ,  
shows t h e  r e s p o n s e s  t o  t h e  u n i t  c o n t r o l  i n p u t s  f o r  t h e  
c o n s t a n t  f i r s t  o r d e r  and z e r o  o r d e r  s y s t e m s .  The f i r s t  
o r d e r  sys tem r e s p o n s e s  a r e  v e r y  c l o s e  t o  t h o s e  o f  t h e  
p e r i o d i c  sys tem i n  Fig .  4 ,  e x c e p t  f o r  t h e  m i s s i n g  o s c i l -  
l a t i o n s .  Use o f  t h e  z e r o  o r d e r  s y s t e m  l e a d s  t o  s u b s t a n t i a l  
e r r o r s .  
F ig .  6 shows f o r  t h e  r o t o r c r a f t  w i t h  t i l t i n g  f e e d b a c k  
a t  u = .8 ,  y = 5 ,  4 = 7.S0 t h e  r e s p o n s e s  t o  u n i t  c o n t r o l  
i n p u t s  computed w i t h  t h e  z e r o  and  f i r s t  o r d e r  s y s t e m s .  
P i t c h  and r o l l  r a t e s  s t a b i l i z e  w i t h i n  a  s h o r t  t i m e  p e r i o d ,  
t h e  normal a c c e l e r a t i o n  soon becomes concave downward. 
Cb-nt ro l  c r o s s  c o u p l i n g s  a r e  n e g l i g i b l e .  The z e r o  o r d e r  
r e s p o n s e s  d e v i a t e  i n i t i a l l y  from t h e  f i r s t  o r d e r  r e s p o n s e s ,  
p a r t i c u l a r l y  i n  r o l l  r a t e .  For t h e  r e m a i n i n g  n u m e r i c a l  
examples  t h e  f i r s t  o r d e r  a p p r o x i m a t i o n  was used.  F ig .  7 shows 
f o r  t h e  r o t o r c r a f t  with t i l t i n g  f e e d b a c k  t h e  e f f e c t s  o f  b l a d e  
Lock number on t h e  r e s p o n s e s  t o  u n i t  c o n t r o l  i n p u t s  f o r  
y = . 8 ,  I$ * 7 .S0 .  I t  i s  s e e n  t h a t  t h i s  f e e d b a c k  sys tem i s  
n o t  s e n s i t i v e  t o  changes  i n  b l a d e  Lock number which a g r e e s  
w i t h  t h e  c o n c e p t  o f  " r o t o r  e m a s c u l a t i o n " .  
- ---- 
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Fig .  8 shows f o r  t h e  r o t o r c r a f t  w i t h  normal  accelerat ion 
f e e d b a c k  t h e  e f f e c t  o f  b l a d e  Lock number on  t h e  r e s p o n s e s  t o  
u n i t  c o n t r o l  i n p u t s  f o r  M = .8 ,  4 = 2 S 0 ,  The improvement 
o v l r  t h e  b a s i c  r o t o r c r a f t  i s  v e r y  good f o r  y = 5. P i t c h  a n d  
r o l l  r a t e  s t a b i l i z e  r a p i d l y ,  and t h e  normal  a c c e l e r a t i o n  
becomes concave  downward a f t e r  a b o u t  4 r o t o r  r e v o l u t i o n s ,  
C o n t r o l  c r o s s  c o u p l i n g  i s  s m a l l .  For  y = 8, t h e  r o l l  r a t e  
fsom l o n g i t u d i n a l  c o n t r o l  i n p u t  is  l a r g e ,  i n d i c a t i n g  t h a t  
4 = 2S0 i s  n o t  o p t i m a l ,  
The e f f e c t s  of a d v a n c e  r a t i o  on t h e  s t e p  c o n t r o l  r e s p o n s e s  
a r e . s h o w n  i n  F i g s .  9 and 10.  Advance r a t i o s  M = ,4 a n d  ,8  
a r e  assumed,  F i g .  9 is f o r  t h e  r o t o r  t i l t i n g  moment f e e d b a c k .  
I t  i s  s e e n  t h a t  c o n t r o l  c r o s s  c o u p l i n g  r e m a i n s  s m a l l  f o r  
. b o t h  a d v a n c e  r a t i o s .  The normal  a c c e l e r a t i o n  p e r  u n i t  c o n t r o l  
i n p u t  i s  f o r  u = .4 s m a l l e r  t h a n  f o r  p = , 0 .  f i g .  1 0  is f o r  
t h e  nol-ma1 a c c e l e r a t i o n  f e e d b a c k .  Here t h e  c a s e  f o r  p = -4 
shows more c o n t r o l  c r o s s  c o u p l i n g  t h a n  t h e  c a s e  f o r  M = .8 ,  
i n d i c a t i n q  t h a t  fop t h i s  t y p e  of  f e e d b a c k  t h e  s e l e c t i o n  o f  a  
c o n t r o l  p h a s e  a n E l e  w h i c h  k e e p s  t h e  c o n t r o l  c r o s s  c o u p l i n g  
e f f e c t s  s m a l l  o v e r  t h e  e n t i r e  f l i g h t  r e g i m e ,  is sonewhat  o f  
a problem which d o c s  n o t  e x i s t  f o r  t h e  " e m a s c u l a t e d w  r o t o r  
w i t h  t h e  r o t o r  t i l t i n g  f e e d b a c k ,  
S t e p  and Random Cust  Response  Compar isons  
Gust  r e s p o n s e s  a r e  o b t a i n e d  from t h e  e q u a t i o n s  o f  m o t i o n s  
by r e p l a c i n g  t h e  normal  v e l o c i t y  w by  t h e  sum o f  normal  
body v e l o c i t y  a n d  n o r m a l  g u s t  v e l o c i t y  w + A ,  whereby  X 
is  p r e s c r i b e d .  For  u n i t  g u s t  s t e p  i n p u t s  A is e q u a l  t o  
t h e  u n i t  s t e n  f u n c t i o n .  ror random g u s t  i n p u t  t h e  s t a n d a r d  
d e v i a t i o n  o~ i s  assumed t o  b e  a u n S t  s t e p  f u n c t i o n  o f  time. 
The s t a n d a r d  d e v i a t i o n s  f o r  r o l l ,  p i t c h ,  n o r m a l  body  
v e l o c i t y  a n d  n o r m a l  body  a c c e l e r a t i o n ,  u p ,  aq, ow, 
r e s p e c t i v e l y  a r e  t h e n  compu ted  f o r  t h e  case of  t h e  r o t o r c r a f t  
encounter in^ a t  t ime t = 0 a t u r b u l e n c e  r e g i o n  w i t h  u n i t  
s t a n d a r d  d e v i a t i o n  O X .  S i n c e  t h e  b a s i c  r o t o r c r a f t  i s  h i g h l y  
u n s t a b l e ,  a s t e a d y  t u r b u l e n c e  r e s p o n s e  s t a t e  d o e s  n o t  
e x i s t ,  howeve r ,  t h e  i n i t i a l  random r e s p o n s e s  c a n  b e  compared  
t o  t h o s e  w i t h  c o n t r o l  f e e d b a c k .  The g u s t  r e s p o n s e s  shown 
i n  F i g s .  11 and  1 2  h a v e  a g a i n  b e e n  o b t a i n e d  w i t h  f i r s t  
o r d e r  r o t o r  d y n a m i c s  
The r a n d o n  r e s p o n s e  a n a l y s i s  f o l l o w s  R e f e r e n c e  1123, 
The " p o i n t "  a s s u m p t i o n  is used, a c c o r d i n g  t o  w h i c h  t h e  
e n t i r e  r o t o r  d i s k  e x p e r i e n c e s  a t  a  g i v e n  t i m e  t h e  t u r b u l e n c e  
v e l o c i t y  a t  t h e  r o t o r  c e n t e r .  The n o r m a l  ~ u s t  v e l o c i t y  is  
o b t a i n e d  by  p a s s i n ~  w h i t e  n o i s e  t h r o u g h  a f i r s t  o r d e r  f i l t e r  
A + aA = a A ( 2 a )  1/2,  (16) 
a  = 2v/(L/k) ( 1 7 )  
- -- 
' . .-I 
where  
The r a t i o  o f  t u r b u l e n c e  s c a l e  l e n g t h  L o v e r  r o t o r  r a d i u s  R 
i s  assumed t o  b e  1 2 ,  for example  L = 360 E t ,  R 2 3C fx. The 
~ o t o r / b o d y  e q u a t i o n s  o f  m o t i o n  w r i t t e n  i n  m u l t i b l a d e  s t a t e  
v a r i a b l e  fo rm a r e  augmen ted  by C q .  ( 1 6 )  w i t h  t h e  a d d i t i o n a l  
s t a t e  v a r i a b l e  A .  The augmenred  s t a t e  v e c t o r  xa has t h e  
componen t s  6 ,, BI, B I I ,  p ,  q, w ,  A .  The random g u s t  response 
e q u a t i o n s  t h e n  r e a d  
;, = Faxa + G v  ( 1 8 )  
w h e r e  Fa i s  t h e  augmen ted  s t a t e  m a t r i x  a n d  where  G a n d  v a re  
g i v e n  by 
n  is  z e r o  mean w h i t e  n o i s e  w i t h  s t a n d a r d  d e v i a t i o n  o n  = 1. 
The e q u a t i o n  f o p  t h e  augmen ted  c o v a r i a n c e  m a t r i x  Pa is,  s e e  
f o r  example Reference 1123, 
For p u r p o s e s  of d c t a r n i n i n p  t h e  r e s p o n s e  s t a n d a r d  d e v i a t i o n s  
we need only t h e  unallpmcnteci 6x6 c a v a r i a u c e  m a t r i x  w i t h o u t  A 
P = R x x  3 f : [xxT]  ( 21)  
a n d  t h e  unaujTnent  t!d s :ate v e c t o r  e q u a t i o n  
. ( 2 2  x = FJC 
The s t a n d a r d  d e v i a t i n n s  f o r  t 5 e  s t i . t e  v a r i , ~ ' : : 3  up, agr  ow 
a r e  d i r e c t l y  o b t a i n e d  from t h e  d i a g o n a l  t e r m s  o f  P = R x x .  
The c o v a r i a n c e  m a t r i x  f o r  t h e  normal a c c e l e r a t i o n  is 
T R a a  = E l  (;qu (;-qu I 
= 9;; - 2uRGq t u 2 ~ q q  ( 2 3  ) 
! t iq i s  a comnnnent o f  the c a v a r i a n i e  m a t r i x  R x x .  RGq  i s  a 
component o f  
= F R x x  (24 
and Rg4 is a component of 
R i k  = F RxxF T (25 
Thus t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  normal  a c c e l e r a t i o n  
can  b e  computed from C F S .  (23) t o  ( 2 5 ) .  
f i q . 1 1  shows t h e  u n i t  s t e p  g u s t  r e s p o n s e s  ?, q ,  w ,  
6 - g u  for IJ = . 8  and y = 5 .  Responses  f o r  t h e  b a s i c  r o t o r -  
c r a f t  and f o r  t h e  c r a f t  w i t h  t h e  c o n t r o l  f eedback  s y s t e m s  a r e  
g i v e n .  I n  a d d i t  ion, t h e  q ,  w ,  ;And \j - O D  r e s p o n s e s  a r e  a l s o  
- - 
2 
shown w i t h o u t  t h e  r o t o r .  The c o m b i n a t i o n  o f  body,  wing 
and  h o r i z o n t a l  t a i l  r e p r e s e n t s  a s t a b l e  c o n f i g u s a t i o n .  
The d e s t a b i l i z i n g  e f f e c t  o f  t h e  r o t o r  i s  c l e a r l y  r e c o g -  
n i z a b l e ,  a l s o  t h e  s t a b i l i z i n g  e f f e c t s  o f  t h e  two f e e d b a c k  
s y s t e m s .  The i n i t i a l  maximum normal  a c c e l e r a t i o n  is n o t  
much a f f e c t e d  by t h e  f e e d b a c k  s y s t e m s ,  s i n c e  a  l a r g e  
p o r t i o n  o f  t h i s  normal  a c c e l e r a t i o n  h a s  i t s  o r i g i n  i n  t h e  
f i x e d  wing. 
F i g . 1 2  shows t he  s t a n d a r d  d e v i a t i o n s  o f  t h e  same 4 
v a r i a b l e s  follow in^ e n t r y  i n t o  a t u r b u l e n c e  r e g i o n  a t  t = 0.  
The f e e d b a c k  system:: are v e r y  effective i n  r e d u c i n g  t h e  
random r e s p o n s e s  i n  r o l l  and p i t c h  r a t e .  Without  r o t o r  
t h e  p i t c h  r a t e  s t a n d a r d  d e v i a t i o n  oq i s  a l m o s t  a s  h i g h  a s  
w i t h  r o t o r .  E i t h e r  o f  t h e  two f e e d b a c k  s y s t e m s  b r i n g s  a 
l a r ~ e  r e d u c t i o n  i n  random p i t c i ~  r a t e  r e s p o n s e  even  a s  
c o n p a r e d  t o  t h e  s t a b l e  c o n f i g u r a t i o n  w i t h o u t  r o t o r .  The 
n o r x a l  a c c e l e r a t i o n  standard deviatibn a;-q,, i s  a l s o  c a u s e d  
i n  p a r t  b y  t n e  fixe? win?.  The feedback s y s t e m s  r e d u c e  t h e  
r o t o r  c o n t r i b u t i o n  c o n s i d e r a b l y ,  b u t  t h e  o v e r a l l  v a l u e  i s  
n o t  d e c r e a s e d  b y  a l a r q e  amount.  Tn a l l e v i a t i n g  normal  
a c c e l e r a t i o n s  frvom c i t h e r  s t e p  o r  random g u s t s ,  t h e  normal  
a c c e l e r a t i o n  f e e d h a c k  s y s t e m  i s  s l i x h t l v  more e f f e c t i v e  
t h a n  t h e  r o t o r  t i l t i n g  feedback system. The n o r m a l  v e l o c i t y  
s t a n d a r d  d e v i a t i o n  i s  h i c h e s t  w i t h o u t  r q t o r  a n d  l o w e s t  f o r  
t h e  c r a f t  without 'cedback. T h i . s  i s  a  consequence  o f  t h e  
r o t o r  n o r m a l  d a m p i n a .  W i t h  f e c d b a c k  s y s t e m s  r o t o r  :orma1 
damp in^ i s  r e d u c e d  and i n t e r m e d i a t e  v a l u e s  o f  n o r m a l  
v e l o c i t y  s t a n d a r d  d e v i a t i o n  o b t a i n e d .  
C o n c l u s i o n s  
--- -
The f o l l o w i n q  c o n a l u s i c n s  a r e  b a s e d  on r e s u l t s  o f  a 
l i n e a r  c o u p l e d  r o t o r / L o d y  f l i ~ , h t  d y n t m i c s  a n a l y s i s  f o r  a 
h i n g e l e s s  compound h e l i c o p t e r  o p e r a t i n g  up t o  . 8  a d v a n c e  
r a t i o .  The h i n g e l e s s  r o t o r  is  r a t h e r  s t i f f  i n  f l a p p i n g  
(P = 1 . 2 ) ,  t h e  fixed w i n g  h a s  6 %  r o t o r  d i s k  a r e a ,  t h e  
h o r i z o n t a l  t a i l  has 1.5% r o t o r  d i s k  a r e a  i n  e x c e s s  o f  t h a t  
r e q u i r e d  t o  n e u t r a l i z e  t h e  body  i n s t a b i l i t y .  T h e  c o n c l u s i o n s  
a r e  s u b d i v i d e d  i n t o  t h o s e  o n  a n a l y t i c a l  m o d e l i n g  a n d  t h o s e  o n  
f l y i n g  c h a r a c t e r i s t i c s  o f  t h e  h y p o t h e t i c a l  r o t o r c r a f t .  
C o n c l g s i o n s  on A n a l ~ t i c a l  M o d e l i n g  
--A -.-.-- -----.- 
The a n a l y s i s  o f  flap pin^ i n s t a b i l i t i e s  d u e  t o  i n t e r b l a d e  
c o u p l i n g  f r o n i  t h e  c o n t r o l  f e e d b a c k  s y s t e m s  r e q u i r e s  t h e  
r e t e n t i o n  o f  t h e  t e r m s  w i t h  p e r i o d i c  c o e f f i c i e n t s  i n  t h e  
e q u a t i o n s  o f  m o t i o n .  F o r  r o t o r  tilt in^ f e e d b a c k  i n t o  
c y c l i c  p i t c h , r o t o r / t o c i y  c o u p l i n q  e f f e c t s  a r e  smal l  a n d  
t h e  i s o l a t e d  r o t o r  a n a l y s i s  i s  a d e q u a t e .  F o r  n o r m a l  
a c c e l e r a t i o n  f e e d b a c k  i n t o  c o l l e c t i v e  p i t c h ,  d a m p i n g  o f  t h e  
v e r t i c a l  m o t i o n  by t h e  f i x e d  w i n g  is b e n e f i c i a l  a n d  a 
c o u p l e d  r o t o r / b o d y  f l a p p i n g  s t a b i i i t y  a n a l y 9 i s  i s  r e q u i r e d .  
The a n a l y s i s  o f  t r a n s i e n t  r e s p o n s e s  t o  c y c l i c  p i t c h  
s t e p  i n p u t s  i n c l u d i n g  t h e  t e r m s  w i t h  p e r i o d i c  c o e f f i c i e n t r ,  
r e s u l t e d  i n  s u b s t a n t i a l  N p e r  r e v .  o & c i l l a t i o n s  o f  t h e  
r i g i d  body i n  r o l l  r a t e  and  i n  normal  a c c e l e r a t i o n .  I f  
t h e s e  r i g i d  body o s c i l l a t i o n s  a r e  o f  no i n t e r e s t ,  c o n s t a n t  
c o e f f i c i e n t  mode l ing  can  b e  used .  Of t h e  t h r e e  c o n s t a n t  
c o e f f i c i e n t  models  s t u d i e d ,  t h e  o n e  u s i n g  s e c o n d  o r d e r  
r a t o r  dynamics  i n  each  m u l t i b l a d e  c o o r d i n a t e  - e q u i v a l e n t  
t o  what i s  somet imes  c a l l e d  t h e  9 x 9 model - was found  t o  
be  o v e r - s o p h i s t i c a t e d ,  t h e  one  u s i n g  f i r s t  o r d e r  r o t o r  
dvnamics was found  t o  b e  a d e q u a t e ,  t h e  o n e  u s i n g  z e r o  o r d e r  
r o t o r  dynamics  - e q u i v a l e n t  t o  t h e  6 x 6 o r  d e r i v a t i v e  
. mobel - can  r e s u l t  i n  s u b s t a n t i a l  e r r o r s .  I f  t h e  r o t o r c r a f t  
is s t a b i l i z e d  by a . f e e d b a c k  s y s t e m ,  t h e s e  e r r o r s  a r e  
l i m i t e d  t o  t h e  i n i t i a l  r e s p o n s e  and f a d e  o u t  w i t h  t ime .  
For a n  u n s t a b l e  c r a f t  t h e  e r r o r s  i n c r e a s e  w i t h  t ime .  
C o n c l u s i o n s  on F l v i n y  C h a r a c t e r i s t i c s  
F o l l o w i n g  a  c y c l i c  p i t c h  c o n t r o l  s t e p  i n p u t  t h e  b a s i c  
r o t o r c r a f t  shows r a p i d  d i v e r g e n c e  i n  r o l l  r a t e ,  p i t c h  r a t e ,  
normal  v e l o c i t y ,  dnd normal  a c c e l e r a t i o n .  Large  c o n t r o l  
c r o s a  c o u p l i n g  e f f e c t s  a r e  u n a v o i d a b l e  i n s p i t e  o f  o p t i m i z a t i o n  
o f  t h e  c o n t r o l  p h a s e  a n g l e .  O f  t h e  e i g e n v a l u e s  o n l y  t h a t  
f o r  a  p redominan t  p i t c h  mode i n d i c a t e s  d i v e r g e n c e .  Due t o  
c r o s s  c o u p l i n g  a l a t e r a l  c o n t r o l  s t e p  i n p u t  a l s o  l e a d s  t o  
r a p i d  divergence.  A v e r t i c a l  s t e p  g u s t  l e a d s  t o  p i t c h  
d ivergence  a s s o c i a t e d  wi th  cons ide rab le  r o l l .  En te r ing  a  
r e g i o n  of v e r t i c a l  t u rbu lence  t h e  s t anda rd  d e v i a t i o n s  f o r  
r o l l  r a t e ,  p i t c h  r a t e ,  normal v e l o c i t y  and normal a c c e l -  
e r a t i o n  r a p i d l y  reach a  temporaty l e v e l  from which they 
then g radua l ly  inc rease .  About 6 0 %  of t h e  normal a c c e l -  
e r a t i o n  tu rbu lence  response  i s  caused by t h e  f i x e d  wing. 
The r o t o r  t i l t i n g  feedback i n t o  c y c l i c  p i t c h ,  even with a  
reduced t a i l  a r e a  of I%,  completely s t a b i l i z e s  t h e  r o t o r -  
c r a f t  and removes t h e  c r o s s  c o n t r o l  coupl ing  e f f e c t s  f o r  
both y = 5 and 8 and f o r  u = .4 and .8. I n  a  s t e p  gus t  
t h i s  feedback does not  a l l e v i a t e  t h e  f i r s t  normal a c c e l -  
. e r a t i o n  peak, however t h e  normal a c c e l e r a t i o n  soon approaches 
ze ro  r a t h e r  than i n c r e a s i n g  aga in  due t o  p i tch-up  a s  f o r  
t h e  b a s i c  c r a f t .  When p e n e t r a t i n g  a  tu rbu lence  a r e a  t h e  
f i n a l  l e v e l  of s t anda rd  d e v i a t i o n s  i n  r o l l  and p i t c h  r a t e  
a r e  only 30 t o  40% of t h e  i n i t i a l  l e v e l  f o r  t h e  b a s i c  c r a f t .  
The s t anda rd  d e v i a t i o n  l e v e l  f o r  t h e  normal a c c e l e r a t i o n  is 
not  reduced m a t e r i a l l y  s i n c e  t h e  f i x e d  wing p rov ides  t h e  
major c o n t r i b u t i o n .  
The normal a c c e l e r a t i o n  i n t o  c o l l e c t i v e  p i t c h  using now 
1.5% t a i l  a r e a  a l s o  completely s t a b i l i z e s  t h e  r o t o r c r a f t .  
For b l ade  Lock number y = 5 and advance r a t i o  v = ,8  c r o s s  
c o n t r o l  coupl ing  a f f e c t s  a r e  n e q l i g i b l e ,  f o r  y = 8 and 
v 8 . 8 ,  o r  f o r  y 8 5 and  v 8 .4 u s i n g  t h e  same c o n t r o l  
p h a s e  a n g l e  t h e r  i s  s u b s t a n t i a l  r o l l  f r o m  l o n g i t u d i n a l  
c o n t r o l  i n p u t .  O t h e r w i s e  t h i s  f e e d b a c k  s y s t e m  p r o v i d e s  
f l y i n g  c h a r a c t e r i s t i c s  v a r y  s imilar  t o  t h o s e  f o r  t h e  r o t o r  
t i l t i n g  f e e d b a c k  s y s t e m  a n d  l e a d s  t o  somewhat l o w e r  v a l u e s  
o f  t u r b u l e n c e  r e s p o n s e  i n  r o l l  a n d  i n  n o r m a l  a c c e l e r a t i o n .  
I t  is  r a t h e r  r e m a r k a b l e  t h a t  f o r  b o t h  f e e d b a c k  r y s t r m s  t h e  
p i t c h  r a t e  t u r b u l e n c e  r e s p o n s e  is l o w e r  t h a n  w i t h o u t  r o t o r .  
The  l i f t i n g  r o t o r  w i t h  i t s  f e e d b a c k  s y s t e m  a b r o r b s  p a r t  o f  
t h e  p i t c h  r a t e  t u r b u l e n c e  r e s p o n s e  t h e  c r a f t  would 
e x p e r i e n c e  w i t h o u t  r o t o r .  
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